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Abstract

The traditional, serial, algorithm for nding the strongly connected componentsin a graph is basel
on depth rst search and has complexity which is linear in the size of the graph. Depth rst search
is di cult to parallelize, which createsa need for a di er ent parallel algorithm for this problem. We
descrite the implementation of a recently proposel parallel algorithm that nds strongly connected
components in distributed graphs, and discusshow it is usal in a radiation transprt solver.

1 Intro duction

A strongly connectedcomponert (SCC) of a directed graph is a maximal subsetof verticesin which
there is a directed path from any vertex to any other. A cyclein a directed graph is a path that is
simple exceptthe rst and nal vertices are the same. Although the number of cyclesin a graph
can be exponertial in the number of vertices, the number of SCCsis at most linear in the number
of vertices, sinceno vertex can be in more than one SCC. For our purposeswe will only considera
subsetof verticesto be an SCC if it has more than one vertex.

Tarjan's classicserial algorithm for detection of SCCsruns linearly with respect to the number
of edgesand usesdepth-rst seard [1]. Howewer, depth-rst seard is known to be dicult to
parallelize { the special caseof lexicographical depth rst seart is P-Complete [2, 3], which in
practical terms meansit is unlikely that a scalableparallel algorithm exists.

There are some parallel algorithms for detecting SCCsthat do not rely on depth rst seard.
Gazit and Miller have an NC algorithm which can be used for locating SCCsthat usesmatrix
multiplication [4]. Vishkin and Cole [5] and Amato [6] have proposedoptimizations or extensions
of this algorithm, but they still require O(n%376) processorsand O(log® n) time where n is the
number of vertices in the graph. A more complicated NC algorithm deweloped by Kao for planar
graphs requires O(log® n) time and n=log n processorg7]. Another parallel algorithm for planar
graphsis due to Bader [8], but our applications are non-planar, arising from graphsassaiated with
nite elemern meshrepresertations of 3-D domains.

In this paper we describe our modi cation of a recenly proposedalgorithm dueto Fleischer, et
al. [9] and our parallel implementation of it in MPI. The Fleischer, et al. algorithm, called DCSC
for divide{fand{conquer strong components is a recursive, divide{and{conquer approac that does
not rely on depth rst seart. As shown in [9], its expectedserial runtime is O(m logn), wherem is
the number of edgesand n is the number of verticesin the graph. We describe the DCSC algorithm
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Figure 1: (a) An unstructured nite-element mesh (left) and its assaiated acyclic dependencegraph for
the angle shown (right). (b) A twisted ring of meshelemeris that inducesa cycle for the showvn angle (left),
and its dependencegraph for the angle shown (right). A sweepingmethod will deadlock when it encourters
a cycle such asthis.

and our modi cations to it in x2. We then presert details of our parallel implementation in x3.
In x4 we quartify the performanceof our approac by preseriing experimental results obtained on
two di erent macdines: CPlant, a 1700processorDEC Alpha commadity cluster and ASCI Red, a
9280 processorintel supercomputer. Both machines are located at Sandia National Laboratories.

The motivation for this work is a computational code for solving radiation transport on 3D
unstructured nite elemer grids. The model of radiation transport solver we have selectedfor this
work solvesthe transport equations using a swesp method. Sweeping methods usedin radiation
transport discretize the radiation eld by angle, and ux propagation is computed for a set of
discrete directions or ordinates. The computation for eat angleis performed by sweepingthe ux
acrossa grid, i.e., a nite elemert mesh. Radiation enters a mesh cell via faceswhose outward
normals point upwind, and exits through downwind faces. This implies an order of computation on
the grid cells which, for a single ordinate direction, is represered as a directed dependencegraph
(DDG). Two example meshesand their assaiated dependencegraphs for a particular angle are
shawvn in Fig. 1.

Each of the (typically sewral hundred) ordinate directions induces an asseiated dependence
graph. Sweeping methods will deadlock if any of the dependencegraphs contains a cycle, sud
as the one in the dependencegraph for the twisted grid shown in Fig. 1(b). Sud situations are
not uncommon in 3-D unstructured grids and in Lagrangian simulations where the underlying
discretized object (the mesh) deforms over time. To avoid deadlock, cyclesin the set of ordinate
dependencegraphs must be detected and broken before the sweep can be performed. Sincethe
mesh elemerts (vertices of the dependencegraph) are distributed acrossprocessorsa key step in
parallelizing transport sweepsis a scalableparallel algorithm for cycle detection.

2 The Modied DCSC Algorithm

The main idea of the DCSC algorithm for strongly connectedcomponerts is to recursively partition
the directed graph G = (V;E) in such a way that any SCCswill be entirely cortained within a
single partition. Each recursive stepin DCSC beginswith the selectionof a random pivot vertex v.
Next, the algorithm nds Pred(G;v), the set of predecessorsof v, which are all the vertices which
can reach v by a directed path of edges. Similarly, it nds DesdG;vV), the set of desendants of
v, the vertices that can be reached from v by a directed path of edges.All vertices which are not
predecessor®r descendats are in the remainder set, Rem(G;v). The partitioning is basedon the



following Lemma [9].

Lemma 1 The unique SCC containing v in G is Pred(G;v) \ DesdG;v). Moreover, any other
SCC of G is a subsetof Pred(G;v), a subsetof DesdG; V), or a subsetof Rem(G; V).

With this lemma, the graph is broken into three disjoint pieces,and the algorithm is applied
recursively to ead piece. The recursion stops when partitions corntain zero or one vertex. The
expected serial complexity of DCSC is shavn in [9] to be O(m logn).

The DCSC algorithm is amenableto parallelism in two ways. First, ead recursion generatesa
setof up to three independert problemswhich canbe analyzedindependertly. Second,the principle
computational stepis the seard for ancestorsand descendais which is like a topological traversal
of the graphs. This type of traversal has much more parallelism [10] than depth-rst seard used
in Tarjan's algorithm. But this parallelism comesat the cost of an extra factor of logn in the
run time. In addition, in the radiation transport applications which motivated our work, multiple
directed graphs on the samenodal set needto be analyzedfor cyclessimultaneously. This provides
yet more scope for parallelism aswill be discussedfurther in x3.1

The radiation transport applications of interest to us generally have few SCCs. By e cien tly
eliminating portions of the graph without SCCs,we canreducethe sizeof a problem beforeinvoking
DCSC and soimprove overall performance. Our algorithm to do this, which we call Modi edDCSC,
is outlined in Fig. 2. Steps(6){(11) comprisethe DCSC algorithm, but in our approadc we perform
atrim step at the beginning of ead iteration which tries to reducethe size of the graph that must
be processedby eliminating vertices which cannot be part of an SCC. The forward and badkward
trim stepsinvolve topological traversalsof the graph. The forward trim beginswith all verticeswith
no ancestorsand removesthem and all their edges. After their removal, someother vertices may
now have no ancestorsand they are removed. The processcortinuesuntil no more vertices can be
removed. Verticesthat are part of an SCCwill not be eliminated during atrim due to the nature of
the topological traversal. The reversetrim performs the sameoperation from the other end of the
graph. All verticeswith no descendats are removed recursively. Thesetwo trim operations can be
performedin O(m) serial time. If the graph has no SCCsthen all the vertices will be removed in
the forward trim. It is worth noting that the trim operation exactly mimics the stepsin atransport
sweep. But in our caseinstead of simulating radiation, we merely note whether or not a given cell
can receiwe all the data it needsto do its computation.

We say that vertices that are reachable from a SCC are contained in the shadowof the SCC.
The forward trim of G removes all vertices from V that are not contained in SCCsor in the
forward shadov of some SCC. The reversetrim also producesa shadav in the reversedirection.
The intersection of these two shadows, which we call the dark shadowis then partitioned via a
single level of the DCSC algorithm.

Fig. 4(a) illustrates how the forward and reversetrim stepsremove nodeswhich are neither a
part of nor are dependert on a SCC. A more abstract view is shown in Fig. 3(a). If the reversetrim
encourters another SCC within the shadowv of the forward trim, a secondshadowv will be cast by
this SCCinto the previous shadov. The resulting dark shadov contains the verticesof G that must
be further processed.The e ectiv enessof trimming the DDG is dependert on how closethe SCCs
are to the starting points of the forward and reversetopological traversals(vertices with in-degree
or out-degreezero, respectively). If we encourter a SCC early in the traversal, the shadov will be
large, thus reducing the e ectiv enessof the trim.

The partitioning of the dark shadaw into disjoint regionsis illustrated in Fig. 3(b). An example
of this partitioning on an actual dependencegraph is showvn in Fig. 4(b), where the graph is



Algorithm: Mo diedDCSC (G)

1. IF G has no more than 1 vertex THENreturn
2. TRIMG in forward direction
3. IF G is not empty THEN

predecess(

pivot

4. TRIMG in backward direction

5. Select pivot v from the dark shadowof G .

6. MARKPred(G;v) and DesqG;v) in G T
7. SCC(G;v) = Pred(G;v)\ DesqG;V)

8. DOin parallel:

9. ModifiedDCSC( Pred(G;v) nSCC(G;v) ) ] )
10. ModifiedDCSC( DesdqG;v) nSCC(G;v) ) Figure 3: (a) An abstract 2D mesh cortain-
11. ModifiedDCSC( Rem(G; V) ) ing two SCCs (the circular rings). The TRIM
12.ENDIE stepsremove the white regions, leaving the dark

shadav (shaded). (b) The dark shadow is par-
titioned around the pivot into Pred, Desc and
Figure 2: Modi edDCSC Algorithm. Rem setsby the MARK step.
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Figure 4: Example graph being trimmed in (a) by forward and backward trims. Part (b) shows the
predecessordescendant, and remainder markings of the resulting dark shadow for the selectedpivot (the
solid vertex). Parts (c) and (d) show the subgraphsasthey are reducedto strongly connectedcomponerts.

partitioned into three subgraphsthat do not shareany SCCs. Fig. 4(c, d) shov two more iterations
of Modi edDCSC wherethe graphs are reducedto SCCs.

The dark shadow is then partitioned by a marking step. The marking algorithm proceedsas
topological traversalsof G, originating from a singlevertex in G we call the pivot, v. There are two
traversals, one which follows forward edgesfrom v marking all vertices that are reachablefrom v,
and onethat follows edgeshackwards to mark all verticesfrom whichv is reachable The topological
nature of this traversal allows for parallelism in the samemanner asin trimming.

After marking is complete, the nodes that are both predecessorsand descendats comprise
the SCC corntaining v. The pivot v, and any SCC containing it, are extracted from the graph,
partitioning it into three disjoint subgraphs corntaining Pred(G;v), DesdG;v), and Rem(G;v).
The key obsenation of [9] is that any SCCsremaining in the graph will be wholly cortained within
one of theseregions. Thus we can call Modi edDCSC recursively on ead of the 3 new graphs. The
recursion stops when all subgraphscortain one or fewer vertices.



3 Implemen tation

In serial, the Modi edDCSC algorithm outlined in Fig. 2 is straightforward to implement. The
principle computational stepsare the trim operations (a topological traversal of the graph) and the
mark operations (determination of ancestorsand descendats). Each of thesegraph operations can
be performed e cien tly using a task queue. For the forward trim, begin by placing all the vertices
with no ancestorsin a queue of tasks. Now remove a vertex from the queue, delete it from the
graph and decremen the ancestorcourt of all the verticesit points to. If any of thesevertices now
have no ancestors,add them to the queue. When the queueis empty, the trim stepis nished. The
badkward trim is closely analogousbut with descendats and ancestors ipp ed.

A similar approac works for the descendah (and ancestor) determinations in the mark phase.
Initially , the pivot vertex is marked and placed in a task queue. Now vertices are removed from
the task queueone at a time, and all of their unmarked children (or parerts) are addedto the task
gueue. The processcortinues until the task queuebecomesempty. In this way, all the trim and
mark operations in a single level of recursion can be performedin O(m) time.

We have implemented a parallel version of the Modi edDCSC algorithm in C with MPI. Our
code takes as input a distributed nite elemen grid and a list of ordinates directions (angles).
From this, we generatean independert directed dependencegraph (DDG) for ead ordinate. This
is done by letting ead vertex correspond to a nite elemen, and ead edgecorrespond to a face
shared betweentwo adjacert nite elemens. The edgeis directed according to the direction in
which the ordinate angle passesthrough the face. This manner of construction results in a set
of DDGs that have the sameset of vertices aswell. A particular vertex or edgeis owned by the
sameprocessorin all graphs{the distribution of all graphs comesfrom the distribution of the mesh
acrossprocessors. The edgesare directed di er ently for ead DDG resulting in di erent graphs
and consequetly dierent SCCs. Each DDG is fully distributed acrossall the processors. Since
all graphs are fully distributed, we gain additional parallelism by nding the SCCsin ead DDG
simultaneously.

Vertices on processoroundarieshave accesgo ghost nodes,which store information about the
vertex on the neighboring processor. Sud information includes the processorID of the owning
processor,location of the ghost node in that processor'sdata structure, as well as marking and
trimming status of the ghost node.

We should note that conceptually the forward and badward trims are separatedas in Fig. 2
but they can be performed simultaneously. The implemenation of Modi edDCSC performs its
trimming in this manner, starting from both endsand working towards the middle of eadh DDG.

Parallelization of the Modi edDCSC algorithm for distributed graphsin which SCCsmay span
multiple processorsraises a humber of algorithmic and software challengesas discussedin the
following subsections.

3.1 Simultaneous work on multiple problem instances

The divide-and-conquer nature of Modi edDCSC allows us to exploit additional parallelism on
multiple problem instances. There are basically two casesof this which we can make note of: (1)
multiple subgraphsfrom ead recursion, and (2) many angleswhich are processedin a radiation
transport simulation.

First, ead recursive call to Modi edDCSC will divide every graph into subgraphsbasedon the
results from vertex marking. Sincethesegraphscannot shareany SCCs(Lemma 1) they are treated
asindependert problems. Each graph cortaining SCCsgeneratesup to three recursive subproblems



asindicated in steps(9){(11) of Fig. 2. In our parallel implementation all subproblemsfor all the
di erent graphs are placedinto the list of graphs for subsequen recursion.

Second,recall that in the radiation transport application, for which our code was deweloped, we
needto seard for SCCsin a set of directed graphs corresponding to di erent ordinates. In serial,
there is no reasonnot to work on ead graph in succession.But in parallel, solving eat graph
in successions not the best method becauseit would add unnecessaryoverhead from termination
detection, etc. Also, eat of these graphs will partition dierently due to randomization in pivot
selectionaswell asdi erences in graph structures, so asrecursion cortin ueswe gain parallelism by
having a better overall distribution of work acrossprocessors.Searting all graphs simultaneously
alsoreducesidle time.

In parallel, the trim and mark stepsfor a particular ordinate will generally enablesimultaneous
activity by only a subsetof processors.By working on all the graphs simultaneously, we can keep
more processorshusy and so get improved overall performance. Our implementation cortinuesto
follow the approad sketched in Fig. 2, but now multiple graphs are being worked on at the same
time. All the graphsare subjected to trimming simultaneously. Then all the seardiesfor ancestors
and descendats are performed concurrertly. This complicatesthe code since interprocessormes-
sagesand elemerts in the task queuemust include an indication of which graph they are assaiated
with.

One complication of doing this is that at a given level of recursion, there can be many subgraphs
in the systemfrom ead angle being treated asindependert graphs. We label every graph with the
two graph id tags. Ths rst tag is usedto identify the graph in its original context. The second
tag is unique for every subgraph produced via recursive partitioning.

3.2 Termination detection

Modi edDCSC is designedto run on distributed memory computers and we do not know before-
hand how many verticesTRIM or MARK will visit. This complicatesthe trim and mark operations
in sewral ways. First, we don't maintain a global task queue, but rather a local queue on eadh
processor. A vertex that needsto be added to the work queue (or have its ancestor cournt decre-
mented) may reside on another processor. We handle this by sendinga messageo the relevant
processorwho then marks the vertex and addsit its own local queue. This precisely mimics the
parallelization of transport sweepsdescribed by Plimpton, et al. [11]. The more subtle challengeis
determining when a trim or mark step is completed. Just becausea processorhas an empty task
gueuedoesn't meanit hasno work left to do. It may yet receive a messagdrom another processor
telling it to add tasksto its queueor to decremeit an ancestorcount. The trim or mark operation
isn't complete until all processorshave empty task queues,and all messageshave beenreceived.
We cannot know a-priori how many nodeswill be visited during trimming or marking due to the
e ects of the SCCs. Becauseof this, we must determine when there is no more work left using a
termination detection algorithm.

In our rst implementation we useda token ring method, but this method is not scalableand
hassincebeenreplaced. The current implementation of Modi edDCSC usesa binary tree topology
similar to the approac of Baker et. al, et al. [12] and requiresonly O(log P) time where P is the
number of processors.

This binary tree implemertation setsup ead processoras a node in a binary tree topology.
Termination only occurswhen total sends totalreceives= 0 and no new work hasbeenperformed
sincethe last chek. First messagegroceedup the tree, sendingthe ongoing count of sendsand
receivesas well as a court of the total work for ead subtree.
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Figure 5: Two grids usedfor testing the strongly connectedcomponert detection. (a) a rectangular mesh
where the corner point of ead cell is displaced by a random amourt. (b) a hollow cylinder with the grid
twisted along the vertical axis.

When the root node (processor0) receivesa messagdrom both of its children, it comparesthe
counts against the termination condition and it cheds that the work count is unchanged. If these
conditions are not met, the root node savesthe work count and sendsa DOWN messagego eah
of its children.

Upon receipt of a DOWN messagegad node forwards it on to their children until the DOWN
messagesead the leaves. A leaf will change state from DOWN to UP and will senda message
to its parent when it has no more work to do locally. This processdetects termination after two
passeghrough the tree. Sinceit is a binary tree, the scaling should be O(log P).

4 Exp erimen tal Results

We conducteda seriesof experimernts to illustrate the performancecharacteristics of Modi edDCSC
on two di erent parallel architectures. The rst systemusedis the Intel TeraFLOPS (ASCI Red)
supercomputer at Sandia National Laboratories. It is a massiwly parallel distributed memory
computer consisting of 4640nodeswith 2 Intel Pentium Pro 333MHz processorgper node, or 9280
processorsn total. Each processorhas 32 KB L1 and a 512 KB L2 cade and 256 MB per node.
ASCI Red usesproprietary messagegpassinghardware with 310 Mbytes/sec bandwidth and 15 sec
latency.

The secondsystem we used for gathering experimertal data is the CPlant cluster at Sandia
National Laboratories. The CPlant madine is acommadity cluster built with 500MHz DEC-Alpha
processors. Each processorhas 256 MB RAM and usesMyrinet interconnect (100 MBytes/sec,
60 seclatency).

The input graphs are generatedfrom nite elemert meshes. These meshesare made up of
hexahedral cells de ned by 8 corner nodes. Each cell represerts a vertex in our graphs for SCC
searting. An edgeis inserted betweentwo verticesif their corresponding cells share a face.

We usedtwo geometriesfor our experiments, which are illustrated in Fig. 5. The rst meshis
a rectangular grid which is deformed by randomly perturbing the location of the corner nodes of
ead cell. The magnitude of the random displacemen is bounded by a speci ed percertage of the
original inter-node distance. As the magnitude of corner displacemer is increasedwe expect that
more SCCswill be produced, and should be evenly distributed throughout the graph.



Effect of Trim on Execution Time
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Figure 6: E ects of TRIM on executiontime of Modi edDCSC.

The secondgeometryis a cylindrical meshconsisting of conceriric stadked rings which are then
twisted to produce SCCs. Note however that the SCCswill only be generatedfor ordinate directions
nearly parallel to the cylindrical axis. For both geometries,we maintained a scaling of 1000vertices
per graph per processorthroughout all experiments. For the warped rectangle, as we doubled the
number of processorswe doubled the number of grid points in the x then y z direction, keeping
the aspect ratio at most 2. For the cylinder, we just halved the angular separation, doubling the
number of elemerts in eat annulus.

These two geometriesare very dierent in terms of the SCCsthey produce and their e ects
on the behavior of Modi edDCSC. In the rectangular mesh, we found that the average SCC is
small, consisting of fewer than 10 vertices. For the twisted cylinder, an SCC typically consistsof
thousands of vertices, usually all the verticesin a plane of the cylinder.

Both problems are scaledin terms of grid size, but the scaling properties of the number of
SCCsvaries. Fo the cylinder the number of SCCsremains xed, but the size of the SCCsgrows
with problem size. For the rectangular problemsunder a xed deformation, the size of ead SCC
remains the same, but the number of them grows with problem size. These two problems were
selectedto provide insight into how the performance of Modi edDCSC is in uenced by the input
graphs. For parallel execution, all the grids were partitioned using the multilevel KL algorithm in
the Chacotool [13].

4.1 Graph Trimming

The purposeof this experiment is to shav the impact of the TRIM addition to the original DCSC
algorithm. With the TRIM step turned o, we essefially have the DCSC algorithm. For this
experimen, we measuredthe execution time taken by DCSC and Modi edDCSC to detect the
SCCsfor the rectangular meshat 30% deformation.

Figure 6 shows a comparison of execution time on a rectangular meshwith trimming enabled
and disabled. We can seethat the addition of vertex trimming to the DCSC algorithm results in
nearly an order of magnitude reduction in execution time for this meshtype. This con rms that
trimming o ers a signi cant performanceimprovemert over the untrimmed version (DCSC) for
mesheswith sparseSCCs.
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Figure 7: E ects of meshdeformation on SCC court (a), and execution time, (b).

4.2 SCC Count

In this experiment, we studied the e ect of increasingthe deformation in a rectangular mesh. The
number of processorswas held constart at 16 for this experimert, varying only the magnitude of
corner-node displacemeit in our meshesas a percertage of the distance to the nearestnode. As
illustrated in Fig. 7, the number of SCCs grows rapidly with the amount of deformation. The
rightmost graph in Fig. 7, shavs that the execution time also grows with the number of SCCs,
albeit lessdramatically than the growth in the number of SCCs. The reasonsfor this is that
Modi edDCSC is dependert on the number of SCCssince only one SCC per graph is found and
removed per recursive iteration. Increasingthe number of SCCswill naturally increasethe number
of iterations requiredto nd them all. There is a synchronization during ead recursive step of our
implemenrtation, soit follows that our executiontimes will increasewith the number of iterations.

BecauseModi edDCSC patrtitions ead graph into as many as 3 independert subgraphswith
ead iteration, and DCSC can only detect one SCC per graph per iteration, the number of SCCs
that can be found grows exponertially with ead additional iteration. Therefore, if the number
of SCCs grows exponertially, we should only obsene a linear growth in execution time due to
additional overhead of ead additional iteration.

There is another factor to considerin this example as well. Becausethis experiment holds the
graph sizeconstart and increaseshe number of SCCspreseri, we can sg that the density of SCCs
is increasing. By increasingthe density of SCCsin G, we also reducethe e ectiv enessof trimming
G.

4.3 Scaled Graphs

In this experimert, we investigatedthe behavior of Modi edDCSC on scaledsize problemson both
CPlant and ASCI Red. For all tests, we set the graph sizeto 1000 vertices per processor. The
graphsin Figures 8 and 9 illustrate the executiontimes we will discussin this section.

The rst graph we look at is the twisted cylinder. In this test, we scalethe problem size with
the number of processorshut the total number of SCCsremainsconstart. The two cylinders tested
with 0 and 10 degreesof twist produced 0 and 40 SCCs,respectively, for all tests. As we can seein
the graphs of their executiontimes in Fig. 8, the cylinder with zero cyclesscaledvery well to 1024
processors. For this problem, the code need only perform a single TRIM for ead angle. When
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Figure 8: Execution times for the twisted cylinder mesheson ASCI Red and CPlant. Vertices scaledwith
processorsl000vertices/ processor.The number of SCCsis constart.
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Figure 9: Execution times for the rectangular grids measuredon ASCI Red and CPlant. Vertices scaled
with 1000vertices/ processor.The density of SCCsis constart for a given % deformation.

we add somecycles,the executiontime beginsincreasingnoticeably around 64 processors.This is
due primarily to the increasein parallel overhead. The e ects of syndironization and termination
detection, though minimized, are magni ed by the cumulativ e latency of so many processorsand
Modi edDCSC is a communication-intensive application.

The secondgraph we performed scaledtesting on is the rectangular grid mesh. We applied
scalability testing to three di erent rectangular meshes;one with 0% deformation (no SCCs), one
with 30% deformation (moderate SCC), and one with 40% deformation (more SCCs). Figure 9
shaws the execution times for Modi edDCSC to solve these graphs measuredon ASCI Red and
CPlant. First note that unlike the twisted cylinder timings, even the zero cycle instance shows
signi cant runtime growth with the number of processors.For the cylinder, the di erent ordinates
enter the geometry in dierent places, and so many processorscan begin working immediately.
For the rectangular grid, all the anglesenter at one of the eight corners, and so as the number of
processorggrows the percertage of initially idle processorsgrows as well.

Second,we seethat it takes much more time to nd all of the SCCsfor these graphs than it
did for the graphs basedon cylindrical meshes. This is not unexpected becausethe SCC density
is constart for a particular graph, therefore the number of SCCsalso scaleswith problem size. So
somegrowth in runtime is expected from the obsenations in x4.2. Howewer, the runtime here is
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also e ected by the parallel overhead. The combination of thesetwo factors, along with the initial
latency asseiated with a xed number of initially active processorsjeadsto the fairly substartial
runtime growth on large numbers of processors.

Howewer it is worth noting that the radiation transport calculations that motivated our work
will require many hundreds or thousandsof secondgor large computations on many processors.So
ewven this worst-caseperformanceresults in runtimes that are dominated by the physical simulation
(see,for example, [14)).

5 Conclusions

We described the implemertation of a new parallel algorithm, Modi edDCSC, that nds strongly
connectedcomponerts in direct graphs on distributed memory computers. The traditional, serial,
algorithm for nding the strongly connectedcomponerts in a graph, G(V,E), is basedon depth
rst seart and has O(JEj + jVj) complexity. Depth rst seard is di cult to parallelize, causing
the needan algorithm with more available parallelism.

Special considerationwastaken during developmert for our speci c application in sweepcalcu-
lations for radiation transport, though this algorithm is not limited to thesegraphs only.

The performanceof Modi edDCSC is greatly e ected by the geometry and the number of SCCs
in input graphs. Sincethis algorithm is dominated by communication, scalability can be limited
depending on the nature of the graph that is being seartied. We have shovn the results from
experiments on thousands of processorswith reasonablescalability.

For radiation transport applications, the number of SCCsgeneratedon any given time step is
expectedto be low. While in principle many SCCscan be generatedcumulativ ely over many time
steps,in practice remeshingis employed to improve the meshgeometry beforethe SCC count gets
very large. The execution time for Modi edDCSC has beenshavn to be much lessthan that of
the numerical computation it precedeg14]

Consequetly, we consider our work to be the rst practical parallel implemenation of an
algorithm to detect strongly connectedcomponerts for generalgraphs.
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